In Dirac's hole theory (HT) the vacuum state is generally believed to be the state of minimum energy due to the assumption that the Pauli Exclusion Principle prevents the decay of positive energy electrons into occupied negative energy states. However recently papers have appeared that claim to show that there exist states with less energy than that of the vacuum[1][2][3]. Here we will consider a simple model of HT consisting of zero mass electrons in 1-1D space-time. It will be shown that for this model there are states with less energy than the HT vacuum state and that the Pauli Principle is obeyed. Therefore the conjecture that the Pauli Principle prevents the existence of states with less energy than the vacuum state is not correct.
Introduction
It is well known that there are both positive and negative energy solutions to the Dirac equation. This creates a problem in that an electron in a positive energy state will quickly decay into a negative energy state in the presence of perturbations. This, of course, is not normally observed to occur. This problem is presumably resolved in Dirac's hole theory (HT) by assuming that all the negative energy states are occupied by a single electron and then evoking the Pauli exclusion principle to prevent the decay of positive energy electrons into negative energy states.
The proposition that the negative energy states are all occupied turns a one electron theory into an N-electron theory where N → ∞ . Due to the fact that the negative energy vacuum electrons obey the same Dirac equation as the positive energy electrons we have to, in principle, track the time evolution of an infinite number of states. Also the vacuum electrons in their unperturbed state are unobservable. All we can do is observe the differences from the unperturbed vacuum state.
It is generally assumed that the HT vacuum state is the state of minimum energy. That is, the energy of all other states must be greater than that of the vacuum state. However a number of papers by the author have shown this is not the case ( [1] [2] [3] ). It was shown in these papers that states exist in HT that have less energy than the vacuum state.
One possible objection to this result is that it seems to contradict the Pauli exclusion principle. It is the purpose of this paper to show that this is not the case. It will be shown that the existence of states with less energy than the HT vacuum state is perfectly consistent with the Pauli principle.
In this paper we will consider a "simple" quantum theory consisting of non-interacting zero mass electrons in a background classical electric field. The advantage of such a simple system is that we can easily obtain exact solutions for the Dirac equation for any arbitrary electric potential. This considerably simplifies the analysis.
In the following discussion we will assume that the system is in some initial state which consists of an infinite number of electrons occupying the negative energy states (the Dirac sea) along with a single positive energy electron. The system will be then perturbed by an electric field. Each electron will evolve in time according to the Dirac equation. After some period of time the electric field is removed and the change in the energy of each electron can be calculated. The total change in the energy of the system is the sum of these changes. It will be shown that it is possible to specify an electric field so that final energy is less than the energy of the vacuum state. It will be also shown that this result is entirely consistent with the Pauli exclusion principle.
The Dirac Equation
In order to simplify the discussion and avoid unnecessary mathematical details we will assume that the electrons have zero mass and are non-interacting, i.e., they only interact with an external electric potential. Also we will work in 1-1 dimensional space-time where the space dimension is taken along the z-axis and use natural units so that 1 c = = h . In this case the Dirac equation for a single electron in the presence of an external electric potential is,
where the Dirac Hamiltonian is given by,
where 0
H is the Hamiltonian in the absence of interactions, ( ) , V z t is an external electrical potential, and q is the electric charge. For zero mass electrons the free field Hamiltonian is given as, 0 3
where 3 σ is the Pauli matrix with 3 1 0
The solution of (1.1) can be easily shown to be,
is the solution to the free field equation,
and can be written as,
The quantity ( )
where ( ) 
where,
and where 1 λ = ± is the sign of the energy, p is the momentum, and L is the 1 dimensional integration volume. We assume periodic boundary conditions so that the momentum The energy of a normalized wave function ( )
In the case where V is zero the energy equals the free field energy which is given by, 
Hole Theory
The proposition that the negative energy states are all occupied turns a one electron theory into an N-electron theory where N → ∞ . For an N-electron theory the wave function is written as a Slater determinant [ , ,...,
which is just the sum of one particle operators. The expectation value of a normalized N-electron wave function is, 
Time varying electric potential
Assume at time 0 t = , the electric potential is zero and the system is in some initial state which is defined in the following discussion. In HT the unperturbed vacuum state is the state where each negative energy wave function 
where we assume the following ordering; 1
. The total free field energy of the unperturbed vacuum state is then,
We can add an additional electron provided it consists of a combination of positive energy states 
Therefore we have, at the initial time 0 t = , a system which consists of the unperturbed vacuum electrons . Therefore the total free field energy of the system is, ( ) Now we are not really interested in the total energy but in the energy with respect to the unperturbed vacuum state. Therefore we subtract the vacuum energy 
which is just the energy of the positive energy electron. Next, consider the change in the energy due to an interaction with an external electric potential. At the initial time 0 t = the electric potential is zero and the system is in the initial state given by (3.4). Next apply an electric potential and then remove it at some later time f t so that,
Now what is the change in the energy of the system due to this interaction with the electric potential? Under the action of the electric potential each negative energy wave function . Note that per (3.7) the electric potential is zero at the initial time 0 t = and the final time f t . Therefore the change in the energy is equal to the change in the free field energy. For the negative energy electrons the change in the free field energy of each electron is, Therefore the calculations performed in the paper are consistent with the Pauli principle. All the wave functions are orthogonal for all time. This means that the conjecture that the Pauli principle prevents the existence of quantum states with less energy than that of the unperturbed vacuum state is not correct.
